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Abstract
We propose a simple explanation for the connection between chiral
symmetry restoration and deconnement in QCD at high temperature.
Both spontaneous chiral symmetry breaking and connement are gen-
erated by the condensate of a color octet quark-antiquark pair. The
transition to the high temperature state proceeds by the melting of
this condensate. For instanton-dominated eective multiquark inter-
actions and three light quarks with equal mass we nd a rst order
phase transition at a critical temperature around 170 MeV.
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1 Octet melting
Lattice simulations for QCD at high temperature nd empirically that chiral
symmetry restoration and deconnement occur at the same critical tem-
perature Tc [1]. Suciently below Tc the equation of state is rather well
approximated by a gas of mesons. Gluons and quarks or baryons play no
important role. Above Tc the dominant thermodynamic degrees of freedom
are gluons and quarks. The change in the relevant number of degrees of
freedom occurs rather rapidly and may be associated with a thermodynamic
phase transition.
The transition to the high-temperature state of QCD is often called \de-
connement transition" even though the picture of essentially free gluons
is oversimplied. In fact, the long-distance behavior of high temperature
QCD corresponds to a \conning" three-dimensional eective theory with a
temperature-dependent eective connement scale [2]. Also, in presence of
light quarks, the temperature-induced changes in the long-distance behav-
ior of the heavy quark potential are only quantitative [3]. String breaking
occurs for arbitrary temperature. Nevertheless, the gluon modes with mo-
menta p2  (T )2 characteristic for a thermal state behave close to a gas of
free particles. We associate here \deconnement" with the transition to a
thermal equilibrium state for which (1) the bosonic contribution to the free
energy can be approximated by the one of a free gas of eight massless spin-
one bosons and (2) the masslike terms in the eective \gluon-propagator"
are of the order of the temperature or smaller.
On the other hand, the chiral properties of QCD are also expected to
undergo a rapid change at some temperature. The vacuum is characterized
by a chiral condensate of quark-antiquark pairs. This order is destroyed
at high temperature and chiral symmetry is restored. For vanishing quark
masses this implies a true phase transition. In this case chiral symmetry
restoration at high temperature is signalled by massless fermions and the
contribution of a \quark gas" to the free energy.
It is a longstanding puzzle why deconnement and chiral symmetry restora-
tion occur at the same temperature. Here we present a simple explanation
which is based on a new understanding of the QCD-vacuum by spontaneous
breaking of color or gluon-meson duality [4]. In this picture of the vacuum the
condensate <  > of a color octet quark-antiquark pair leads to spontaneous
breaking of the color symmetry. (As for the electroweak standard model
there exists an equivalent gauge invariant formulation.) The gluons acquire
a mass <  > by the Higgs mechanism and become integer charged. This
\connement" is expected to squeeze the gluon elds between two separated
color charges into a tube, similar to the Meissner eect. Gluon-meson dual-
ity associates the massive gluons with the physical vector mesons ;K and
!. This is possible since they carry the appropriate integer electric charges
as well as isospin and strangeness. Also the quarks carry integer charges
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after spontaneous color symmetry breaking and can be associated with the
baryons (p; n;;;) plus a heavy singlet. They become massive due to the
spontaneous breaking of the chiral flavor symmetry by <  > and a similar
singlet qq- condensate. This association between quark elds and baryons is
called quark-baryon duality.
It has been argued on phenomenological grounds [4] that the dominant
contribution to spontaneous chiral symmetry breaking arises from the octet
condensate <  >. The same condensate therefore explains both conne-
ment and spontaneous chiral symmetry breaking. The solution to the puzzle
why deconnement and chiral symmetry restoration are connected becomes
now obvious. At some critical temperature Tc the value of the octet con-
densate <  > drops rapidly. At this temperature the mass of the gluons
therefore drastically decreases and the deconnement transition happens. In
the limit of three massless quarks the expectation value <  > exactly van-
ishes at Tc. Chiral symmetry gets completely restored for T > Tc, leading to
a true phase transition characterized by the order parameter of chiral sym-
metry breaking. The critical temperature for both transitions is the \melting
temperature" for the octet condensate. The \deconnement temperature"
and \chiral symmetry restoration temperature" are therefore identical. As
a consequence of the change in the order parameter the quantum numbers
in the \hadronic phase" for T < Tc dier from the ones in the \quark-gluon
phase" for T > Tc.
Quark mass eects modify the details of the transition. For a more quan-
titative description of \octet melting" we omit in this paper the dierence
between the current quark masses and consider three light quark flavors with
equal mass. We investigate a rather wide class of eective multiquark interac-
tions induced by instanton eects. In the chiral limit of three massless quarks
we nd a rst-order transition with critical temperature Tc  130−160 MeV.
In this limit the mass of the eight pseudoscalar Goldstone bosons (;K; )
vanishes at low temperature, mPS = 0. For realistic current quark masses
corresponding to a nonzero average pseudoscalar massm2PS  (2M2K+M2pi)=3,
we again get a rst-order transition with a somewhat larger Tc  170-180
MeV.
In this note we do not deal explicitly with the color singlet quark-antiquark
pair which plays a subdominant role. The relevant thermodynamic potential
is then given by the temperature-dependent eective potential for the octet
condensate
U(; T ) = U0() + U(; T ) (1)
Here U0 encodes in a bosonic language for scalar qq-composites the informa-
tion about the multiquark interactions in the vacuum, whereas U accounts
for the thermal fluctuations. We use a scalar eld ij,ab for the octet quark-
antiquark pair with i; j = 1:::3 color indices and a; b = 1:::Nf flavor indices
for massless (or light) quarks. For Nf = 3 it is sucient to evaluate the
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The vacuum condensates for two-flavor QCD (Nf = 2) are discussed in [5].
The thermodynamic quantities of interest can be extracted from the behavior
of the minima of U(; T ).
2 Vacuum eective potential
The eect of the thermal fluctuations has to be compared with the vacuum-
eective potential U0() for the octet. We will not need here many details of
the precise shape of U0. The most important parameter for the determination
of the critical temperature Tc for the phase transition will turn out to be the
dierence U0(0)−U0(0), with 0 the vacuum expectation value of the octet.
We demonstrate the dependence of the chiral phase transition on the shape
of U0 by considering three dierent potentials
(A) : U0() = (
2 − 20)2
(B) : U0() = fRan(34 − 403) + (1− Ran)(4 − 2202) + 40g










(1−Ran)(4 − 2202) + 40g (3)
Here  is real and   0. The quartic potential (A) is characteristic for
two flavor QCD (Nf = 2) (or for three flavors with small eects of the
chiral anomaly). For three light quark flavors (Nf = 3) the chiral anomaly
breaks the symmetry  ! − and typically induces a term  3 for small
. The anomalous instanton-induced multiquark interactions appear in our
language as contributions to the potential with   qq. They correspond
to the term  Ran for the potentials (B) and (C), whereas the contribution
 (1−Ran) arises from other interactions. Presumably the vacuum potential
is dominated by instanton eects [6], such that Ran is expected close to one.
We observe that the anomalous contribution to (C) has the correct qualitative
behavior of the instanton-induced interaction for small and large . For all
potentials the minimum of U0 occurs for  = 0 and  is normalized such
that U0(0) = 
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0. The additive constant is xed such that the pressure
vanishes in the vacuum. In absence of quark masses this implies U0(0) = 0.
Beyond the octet qq-condensate realistic QCD exhibits also a nonvanish-
ing color singlet qq-condensate . In order to concentrate our discussion on
the essential aspects, we assume here that  is \integrated out" by solving
its eective eld equation as a functional of . The eective kinetic term
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and interactions of the -eld include therefore contributions from the color
singlet eld  as well. (In a two-eld language a non-zero  is necessarily
generated for  6= 0 by terms  2 present in the contribution from the
chiral anomaly for Nf = 3.)
As we have already mentioned, the dominant parameter for the character-
istics of the chiral phase transition is U0(0) which measures in our convention
the potential dierence between the chiral symmetric state at  = 0 and the
vacuum at  = 0. It gets a contribution from the chiral anomaly Uan(0)




Here we denote by Uan() the contribution of the chiral anomaly, i.e. the
part  Ran in eq. (3). The size of the chiral anomaly in the vacuum,
Uan(0) − Uan(0), is given for our simple potentials (3) by −Uan(0). It is
directly related [4, 7] to the mass of the 0-meson Mη′ = 960 MeV and its









 10−2 GeV4 (5)
The parameter Ran is essentially xed for instanton-dominated multiquark
interactions (Ran  1). This sets the scale for U0 in terms of the mass and
decay constant of the 0-meson. An interesting connection between the crit-
ical temperature Tc one one sinde and Mη′ and fθ on the other side becomes
apparent.
The vacuum octet condensate 0 is related to the eective gauge coupling
g and the vector meson mass ρ by ρ = g(ρ)0. The coupling g(ρ) can
be estimated [4] from the -decay width into two pions or charged leptons
and we choose g(770 MeV)=6. For ρ = 770 MeV this yields 0  130 MeV.
(In view of the uncertainties of this estimate one could also treat g(ρ) as an
unknown parameter within a certain range around the estimate above.) The


















Another characteristic quantity for the vacuum potential is the mass of the






Phenomenology indicates Mσ  500 MeV.
2This holds if the contribution of the color singlet to the kinetic term of χ is small.
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3 Eective masses
We evaluate the temperature-dependent part of the eective potential
U(; T ) in a generalized mean eld-type approximation. More precisely, we
include the fluctuations of the gluons, quarks, and pseudoscalar Goldstone
bosons. Our approximation is equivalent to a gas of non-interacting massive
particles. Here the gluons and quarks have -dependent masses
2ρ() = g




where we take into account the running of the gauge and Yukawa coupling.
The renormalization scale  will be specied below. From the average baryon
mass in vacuum Mq = hχ(ρ)0 = 1150 MeV we extract
3 hχ(ρ) = 9. Be-
yond the running couplings further eects of the interactions of the gluons are
omitted. (For simplicity, we also have neglected the mass splitting between
the baryon octet and the singlet which are described by the nine quarks.)
For the Goldstone bosons the squared mass is given for all T by the











Also the eective meson decay constant depends on 





As chiral symmetry restoration is approached for  ! 0 the eective decay
constant decreases. The same holds for the chiral condensate <   > .












independently of the individual constants4 cG and cF .
4 Thermal fluctuations
The various contributions of the thermal fluctuations are now easily evaluated
U = gU + qU + sU (13)
3Note that actually only Mq(χ = 0) = 0 and Mq(χ = χ0) = M q are known. The
χ-dependence of Mq(χ) could be more complicated than the ansatz used in (8).




22) ; qU = −12NfJF (h2χ2) ;
sU = (N
2
f − 1)[JG(M2G) + JG] (14)
Here we have dened the integral
























; q2T = (2nT )
2 + ~q2; q2 = q20 + ~q
2.
For the bosonic fluctuations JB and JG the sum is over integer Matsubara
frequencies n. In contrast, for JF the Matsubara frequencies are half integer
and therefore q2T = (2n + 1)T; n 2 Z. The integrals JB and JF are well
known in thermal eld theory [8]
JB(M
















q2 +M2=T )) (16)









We observe the Boltzmann suppression for large m, i.e.
lim












The fluctuation integral JG for the Goldstone bosons has to be handled
with care since M2G may be negative for a certain range of . The Gold-
stone boson mass M2G vanishes at the temperature-dependent minimum of
the potential 0(T ). (In our notation 0(0)  0 corresponds to the param-
eter appearing in the zero-temperature eective potential (3).) The physics
of the \nonconvex region"  < 0(T ), where our approximation leads to
@U=@(2) < 0, can be properly discussed only in the context of a coarse-
grained eective action as the eective average action [9]. We give here some
\ad hoc" prescriptions which catch the relevant physics for most (not all)
situations. For negative U 0 the fluctuations with momenta q2 < −U 0 should
be replaced by spin waves, kinks or similar \tunneling" congurations which
fluctuate between dierent minima of the potential. Here we simply omit
the fluctuations with q2 < −U 0. As a consequence, JG equals JB for U 0  0,
whereas the lower integration boundary for ~q in eq. (17) is replaced by jmj
if m2 is negative. With
JG(M
2; T ) =
{
JB(M






y2 + jm2j ln(1− e−y) for M2 < 0 (19)
6
we observe that JG is continuous in M
2. For M2 < 0 the contribution of
the Goldstone fluctuations is enhanced as compared to a gas of massless free
particles.
Our treatment of the composite scalar fluctuations leads to some short-
comings. The perhaps most apparent one concerns the behavior of U for
very high T . In this region the gluons have only two helicities and the fac-
tor 24 multiplying JB should be replaced by 16. In fact, a more correct
formulation would treat the 2(N2c − 1) transversal gluon degrees of freedom
separately from the longitudinal degrees of freedom. The latter ones are as-
sociated to the scalar sector by the Higgs mechanism. In contrast to the
fundamental scalar in the electroweak sector of the standard model the octet
 is a composite and the scalars should not be counted as independent de-
grees of freedom at high T . In a more complete treatment this is realized
by large T -dependent mass terms for all scalars which suppress their con-
tribution eectively for large T . The neglection of this eect in our rough
treatment leads to an overestimate of the bosonic contribution5 at large T
by a factor 3/2. On the other hand, in the low temperature region we have
neglected bosonic contributions from the -resonance or the scalar octet (a
etc.) which have a similar mass as the vector mesons. This results in an
underestimate of the bosonic contribution which is particularly serious near
a second-order or weak rst-order phase transition. At a second-order phase
transition all scalars contained in an appropriate linear representation be-
come massless. In the chiral limit the minimal set are 144 real scalars for
Nf = 3 and 32 real scalars for Nf = 2. In contrast, our treatment accounts
only for (N2c − 1) + (N2f − 1) massless scalars at the phase transition.
Another shortcoming is the neglection of temperature eects in the instan-
ton-induced interactions. They become important for T  ρ and can be
neglected for low T . It is conceivable that these eects influence substantially
the details of the phase transition. Despite of all that we remind that the
gross features of the equation of state and the value of the critical temperature
are relatively robust quantities. We will see below that an error of 20 % in
the number of eective degrees of freedom in the quark-gluon phase at Tc
influences the value of Tc only by 5 %. A similar statement holds for a
20 % error in the estimate of U0(0)−U0(0). For a rst rough picture of the
implications of the color octet condensate on the chiral phase transition our
approximation of the thermal fluctuations (13) seems therefore appropriate.
5 Running couplings
In general, the eective masses M appearing in the J-integrals (15) depend
on the momentum ~q2. This could be expressed through a momentum de-
5The suppression of the Goldstone boson contribution JG at large T is included properly
in our approximation.
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pendence of the eective gauge and Yukawa couplings. We want to avoid
here the complications of momentum-dependent masses. Instead, the dom-
inant eects of the running couplings are taken into account by the choice
of an appropriate renormalization scale  in eq. (8). Corrections to this
approximation are reflected in the term JG in eq. (14).
For not too large m the integrals (16) are dominated by momenta q2 





2T 2 ; 2ρ = g
2(ρ)
2 (20)
(Here 2ρ = 
2
ρ( = ρ) refers to the vacuum with arbitrary  corresponding
to a possible presence of \sources" or quark mass terms.) This choice of T
is a valid approximation for the fermion fluctuations and we therefore use
h2χ(T ) in the argument of JF in eq. (14).
For bosons the issue is more involved due to the infrared behavior of
classical statistics. The rst two terms in a Taylor expansion, JB(0) and
@JB=@M
2
jM2=0, are dominated again by momenta ~q
2  (T )2. The remain-
ing integral J^B = JB − JB(0)−M2 ∂JB∂M2 jM2=0 receives, however, an essential
contribution from the n = 0 Matsubara frequency which corresponds to
classical statistics. The three-dimensional momentum integrals of classcial
statistics are more infrared-singular than the four-dimensional integrals for
the vacuum. In consequence, the remaining integral J^B is dominated by mo-
menta ~q2  M2. Since JB is not analytic at M2 = 0, a careful treatment
of the long-distance physics is mandatory if one aims for quantitative pre-
cision. For rst-order phase transitions the momentum dependence of M2
has only moderate eects for the gauge boson fluctuations6 and we choose
M2 = g2(T )
2 in JB.
For the Goldstone boson fluctuations more care is needed if one wants
to be consistent with chiral perturbation theory for low T and the correct
behavior at a second-order phase transition. We rst include the gauge bo-
son and fermion thermal fluctuations. At this level the mass term for the




(U0 + gU + qU) (21)
In a second step we take the scalar fluctuations into account. Then only
the complete mass term M2G (9) vanishes at the minimum of U(; T ). The
thermally corrected (pseudo)particle mass term M2G is relevant for momenta
~q2
< jM2Gj and we use M2G for the argument of JG. On the other hand, the
high momentum part of the integral JG is dominated by momenta where the
6For a second-order phase transition one may split the momentum integral in JB and
use M2 = g2T (µρ)χ
2 for ~q2 < (µρ/2)2. Here gT (µρ) obeys an eective three-dimensional
evolution for µρ < piT [2].
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thermal mass corrections from the scalar fluctuations are not yet important.
Therefore M2G,0 (21) is relevant in this momentum range. We account for




(M2G,0 −M2G)fG(M2G=T 2) (22)
which eectively replaces M2G by M
2
G,0 for the term  T 2 which is dominated
by momenta ~q2  (T )2 if T 2 > jM2Gj. On the other hand, the factor fG
reflects the fact that all temperature fluctuations and therefore also JG are
exponentially Boltzmann-suppressed for T 2 M2G. We choose here a simple
form (γ = 0:5) which mimicks eq. (18) for large m2
fG(m




These prescriptions may seem somewhat ad hoc and technical. They nd a
deeper motivation from the study of the renormalization flow in thermal eld
theories [10, 11]. We will see below that they guarantee agreement with chiral
perturbation theory for low temperature and avoid unphysical singularities.
We nally have to specify the scale dependence of the gauge and Yukawa
coupling. For the running gauge coupling we employ the perturbative -




g = −0 g
3
162
− ::: ; 0 = 11− 2Nf=3 (24)
Our normalization g(770 MeV)=6 is suggested by the phenomenology of -

































We use the approximation (26) with b = 16 such that we recover for small
hχ the standard anomalous dimension for the mass and take somewhat
arbitrarily7 a = 1. The normalization is xed by eq. (8), i.e. hχ (770
MeV)=1.15 GeV=0.
7A more accurate treatment would keep the color octet and singlet as separate elds.
The evolution equations for the two respective Yukawa couplings dier.
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6 Phase transition for anomaly-dominated
potentials
For a given form of the vacuum potential U0 the temperature dependence of
the eective potential and the temperature-dependent masses of the pseudo-
particles can now be computed. We concentrate here on potentials that
are dominated by instanton eects reflecting the chiral anomaly and take
Ran = 0:9. In table 1 we present for the chiral limit(vanishing current-quark
masses) the values of the vector-meson mass ρ (input), the decay constant
f and the -mass Mσ for the vacuum. We take three potentials of the
form (A)(B)(C) (eq. (3)) in order to investigate the influence of the vacuum
potential on the thermal properties. We have not attempted here to optimize
the input parameters ρ; g(ρ); hχ(ρ) with respect to the observed particle
masses for nonzero current quark masses (cf. Table 2 in sect. 13). We use,
however, a lower value for ρ for the potential (C) in order to be roughly in
the acceptable range for nonzero quark mass.
For all three potentials we nd a rst-order phase transition. The crit-
ical temperature Tc is indicated in table 1, as well as the mass of vector
mesons and the baryons slightly below the critical temperature ((SSB)ρ (Tc)
and M (SSB)q (Tc)). We observe that the decrease of the eective masses ρ(T )
and Mq(T ) for increasing temperature is largely determined by the temper-
ature dependence of the eective gauge and Yukawa couplings and only to a
smaller extent by the decrease of the expectation value 0(T ). As T increases
beyond Tc, the absolute minimum of U(; T ) jumps to  = 0 and the gluons
and quarks (or vector-mesons and baryons) become massless. The equation
of state approaches rapidly the one for a free gas of gluons and quarks (see
below for details).
Since the potentials (A)(B) are qualitatively quite dierent from (C), we
believe that the range Tc  130-160 MeV roughly covers the uncertainty from
the choice of the vacuum potential U0. We note that the critical temperature
for the potential (C) comes close to the value Tc = 154 8 MeV suggested
by a recent lattice simulation [3]. If we include only the transversal gluon
degrees of freedom for  = 0 (see sect. 4) the value of Tc becomes somewhat
larger by about 4 %.
Table 1: First-order phase transition in the chiral limit (mPS = 0).
vacuum critical temperature





A 770 113 480 131 450 720 0.71
B 770 113 580 134 440 700 0.66
C 700 68 1570 154 290 580 0.37
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7 High temperature
The results of a numerical evaluation of U(; T ) can be understood qualita-
tively by simple analytical considerations. For large temperature T > M the
integrals J are dominated by their values at M = 0
JB(0; T ) = JG(0; T ) = −
2
90




If the minimum of U for large T occurs at  = 0, the gauge bosons and
quarks are eectively massless. The pressure is then given by











T 4 − U0(0)−sU (28)
We recognize the contribution of a free gas of 2(N2c − 1) = 16 bosonic and
4NcNf = 12Nf fermionic massless degrees of freedom. The scalar part sU
is subleading and will be neglected (see sect. 4). Finally, the negative contri-
bution −U0(0) = −40 accounts in our approximation for interaction eects
related to the octet condensation. It becomes irrelevant only for large T
whereas for temperatures near Tc its eects cannot be neglected. Up to ra-












Also the energy density









deviates from the one for a relativistic gluon-quark gas due to U0. One
obtains the equation of state


























We have indicated the value of (Tc) obtained from the numerical evaluation
of eq. (13) in the chiral limit in table 1 (and for realistic quark masses in table
2 in sect. 13). The small value of  for the potential (C) implies that the
equation of state for a relativistic plasma is particularly rapidly approached
as the temperature increases beyond Tc. The fast turnover to a relativistic
plasma is consistent with ndings in lattice gauge theories [1].
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8 Chiral phase transition
For a rst-order transition the critical temperature Tc can be related to U0(0).
Let us denote the value of the potential in the hadronic phase at Tc by










where we have neglected sU since the Goldstone boson fluctuations are
not relevant at  = 0 for a suciently strong rst-order transition. As long
as Tc remains much smaller than the mass of the gauge bosons 
(SSB)
ρ and
fermionsM (SSB)q in the phase with broken chiral symmetry, their contribution
to USSB remains strongly Boltzmann-suppressed (cf. table 1). For a strong
rst-order phase transition the quantity USSB is therefore dominated by the
fluctuations of the N2f − 1 Goldstone bosons. If 0(T ) is close to 0 = 0(0)
we can also neglect the dierence U0(0(T ))− U0(0) and USSB is given by





As a consequence, the critical temperature is given by U0(0) independently











)−1U0(0) = 0:231 U0(0) (35)
(For the quantitative estimate we use Nf = 3.) For the approximation (32)












and we see that a free relativistic gas of gluons and quarks is reached rapidly
as T increases beyond Tc. The pressure is continuous at Tc and directly given
by p(Tc) = −USSB. Comparing eq. (34) with the Stefan-Boltzmann value







for Nf = 3(2).
Eq. (35) relates the critical temperature to the properties of the 0-meson






f  221 MeV (37)
For Ran = (0:3; 0:5; 0; 8; 1) and Nf = 3 this yields Tc = (173; 152; 135; 128)
MeV. For three-flavor QCD our numerical results are consistent with this
picture of a strong rst-order phase transition.
The quantitative estimates (35)-(37) are only valid if the minimum at
0(Tc) is still near 0. This depends on the influence of the Goldstone bosons
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and, in particular, on the ratio between Tc and the meson decay constant f
(see sect. 11). For a weak rst-order transition or a second-order transition
(for Nf = 2) the potential dierence U0(0(Tc)) has to be included in USSB
(34). This contribution lowers the critical temperature. On the other hand,
the gauge boson and quark fluctuations may not be negligible anymore for low
enough 0(Tc). This eect enhances the critical temperature. The dierence
between the rough estimates (37) and (36) and the numerical conputation
(table 1) is related to these eects8. It is particularly pronounced for the
potential (C) for which the gauge boson mass in the SSB-phase is already
considerably smaller at Tc than at T = 0.
In the two-flavor case the chiral phase transition in QCD ressembles in
many respects the electroweak phase transition. The vacuum potential is
analytic in 2 at 2 = 0 such that a rst-order transition can only be induced
by the fluctuations of the gauge bosons. In this analogy the octet replaces the
Higgs-scalar and Mσ plays the role of the mass of the Higgs scalar MH . Also
the gluons replace the weak gauge bosons and the quarks play the role of the
top quark in the electroweak theory. The electroweak phase diagram shows
a rst-order phase transition for small MH and one may expect the same
for QCD for small Mσ. In the electroweak theory this transition ends for
some critical MH,c in a second-order transition, whereas for MH > MH,c the
transition is replaced by a continuous crossover [2], [12],[13]. In the case of
QCD with vanishing quark masses one has, however, an additional important
ingredient, namely the existence of an order parameter and Goldstone bosons.
In fact, in the absence of current quark masses an order parameter 0(T ) 6= 0
breaks spontaneously a global symmetry. In consequence, there must be a
phase transition as 0(T ) reaches zero when the critical temperature Tc is
reached from below. This holds for arbitrarily large Mσ. In two-flavor QCD
with vanishing quark masses a second-order phase transition replaces the
crossover of the electroweak theory. For nonzero quark mass the analogy
is even closer, with a change from a rst-order transition to crossover in
dependence on Mσ. In contrast to the electroweak theory, however, Mσ is not
a free parameter but can, in principle, be computed in QCD. An important
ingredient for the determination of the characteristics of the phase transition
is the size of the gauge coupling which is large in QCD. The realization of
a second-order transition/crossover seems therefore quite plausible in two-
flavor QCD.
9 Field equation
For an understanding of the temperature eects in the hadronic phase for
T < Tc we need the value of 0(T ). The octet expectation value in thermal
8The numerical computation also uses 24 gauge boson degrees of freedom (eq. (14))
instead of 16 for the analytical discussion in sects. 7 and 8. This lowers Tc by 4 %.
13






= 2U 0 = jχ (38)
where jχ = 0 in absence of quark masses. For a determination of the temper-
ature dependence of the order parameter 0(T ) it is useful to investigate the





























reflects the running of the gauge coupling in dependence on the temperature-
dependent gluon mass


































ey+m − 1 (42)















More precisely, the expression (43) applies for M2  2T 2 and we will




2 for M ! 0.
The fermionic contribution reads
@
@(2)












































T 2 + ::: (46)
involves half-integer Matsubara frequencies and does not show an infrared
divergence.
The Goldstone-boson integral I
(G)
1 = 2@JG=@M
2 equals IB1 for M
2  0.



























and we see that I
(G)
1 is continuous at M
2 = 0. On the other hand, for large












ey − 1  2:4041 (49)
For suciently large T a positive temperature-dependent mass-like term











This overwhelms any classical contribution and there is therefore no nontriv-
ial minimum of U(; T ) for  6= 0. Chiral symmetry is restored (0(T ) = 0)
and the gluons do no longer acquire a mass from the octet condensate.
10 Schwinger-Dyson equation for the
derivative of the eective potential
For a determination of 0(T ) in the low temperature phase with chiral sym-
metry breaking the Goldstone boson fluctuations are important. They in-
volve the derivative of the temperature-dependent eective potential M2G =
cGU
0, which obeys for all T





0; T ) + ::: (51)








22; T )− 6Nf h^2I(F )1 (h2χ2; T )
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Here the dots stand for corrections arising from JG (22) which vanish for
U 0 = 0 and are negligible in the vicinity of an extremum. >From I(G)1 (0; T ) =
0 one infers a simple equation for the extrema of U away from the origin.














0; T )− 12g^2I(B)1 (g2(T )20; T )
(52)


















For low temperature the r.h.s. of eq. (52) is Boltzmann-suppressed and can
be neglected.
The dierential equation (51) for U 0() can be turned into an algebraic
\Schwinger-Dyson equation" by replacing U 00 by U 000 . This is reasonable for
U 000  0, whereas for negative U 000 we omit the contribution  U 000 in B and
I
(G)
1 in eq. (51) such that U
0 = B. These prescriptions9 determine U 0 for
given values of  and T . Not too far from the minimum one may further
approximate (for U 000  0)










U 0(U 0)− 2

√
−U 0(−U 0)(ln(2jU 0j=T )− 1)
)
(54)


















This implies that for small B in the vicinity of the minimum where B 
− 0, one has10 U 0  (− 0)2.
11 Low temperature and chiral perturbation
theory
For low temperature only the massless or very light particles contribute. In
particular, around the minimum of U near 0 both the baryons and the
9In regions of the potential where the gauge boson and fermion fluctuations are im-
portant a better approximation would replace U ′′0 ! U ′′0 + gU ′′ + qU ′′, similar to eq.
(21).
10This holds for E > 0. Note that for U ′  χ− χ0 the nonanalyticity in I(G)1 would
destabilize the minimum.
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vector mesons (or, equivalently, the quarks and the gluons) are heavy and
Boltzmann-suppressed. Only the pions are light and one expects that they
completely dominate the temperature eects at low T for  near 0. The
eects of a thermal pion gas are described by chiral perturbation theory [15]




<   > (T )
















In our picture we can parametrize the eective potential in the vicinity of








































With cGcF = 4=Nf (cf. eq. (12))the lowest order of an expansion in (0(T )−
0(0))=0(0) corresponds indeed to chiral perturbation theory.
12 Second-order phase transition
For an investigation of a possible second-order phase transition in the chiral
limit we concentrate on the behavior of U near 2 = 0 or small values of
2=T 2. In the vicinity of the critical temperature of a second-order (or weak
rst-order) transition the Goldstone fluctuations play a role in this region.
The derivative of the temperature-dependent eective potential becomes (in
the range where U 0  0)



























11Here we have neglected the T -dependence of the wave function renormalization which
relates χ and < ψψ >.
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Here we have improved our treatment of the gauge boson fluctuations by us-
ing g(ρ) instead of g(T ) for the low momentum fluctuations corresponding
to classical statistics (the term  T ). Let us denote by T0 the tempera-
ture where U 0 vanishes at  = 0, i.e. U 0(0; T0) = 0. A second-order phase
transition at Tc = T0 occurs if U
0(; T0) is strictly positive for all  > 0.
In contrast, one has a rst-order transition if U 0(; T0) is negative for small
 > 0. Then the point  = 0 corresponds to a maximum of U(; T0) and the
critical temperature for the rst-order transition is below T0.
Consider rst the potential (A) which is relevant for the two-flavor case.
Omitting for a moment the Goldstone boson contributions and the running
of the gauge coupling (g = 0), the term  g3T in eq. (60) would lead to a
rst-order transition. This corresponds to the well-known \cubic" term in the
eective potential for the Higgs scalar in the electroweak theory. As has been
discussed extensively in connection with the electroweak phase transition
[12], the infrared physics of the gauge bosons responsible for this term has
to be handled with care. In particular, the running of the gauge coupling
is crucial for a correct picture. For a running g the product g = ρ goes
to a constant (T ) for  ! 0 and the nonanalyticity in 2 disappears. We
note that -independent terms in eq. (60) only influence the location of T0.
Denoting U 00(0; T0) = gχ one obtains for small  and jT − T0j an expansion,
with constants c1; c2 and N
2
f − 1 = N ,








For T ! T0 and ! 0 this yields [16]






(2 + c3(T − T0))
]2
(62)
and describes a second-order phase transition. The critical exponent  = 1
corresponds12 to the leading order of the 1=N expansion in the eective three-
dimensional theory [16]. An improvement of the description of the critical
behavior (with more realistic critical exponents) needs to incorporate the
fluctuations of the neglected scalar modes (see sect. 4) and can be done with
the help of modern renormalization group methods [10]. We conclude that
a second-order chiral phase transition for Nf = 2 is compatible with our
picture, provided the infrared fluctuations of the gauge bosons are treated in
the appropriate way.
For three massless flavors the presence of an eective cubic term  3
in the eective potential at zero temperature (eq. (3)) changes the situation
profoundly. This term reflects the axial anomaly and is induced by instanton
12This diers from high-temperature perturbation theory or chiral perturbation which
would yield a \mean eld exponent" ν = 1/2.
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eects. The term  − always dominates the r.h.s. of eq. (60) for small
enough values of  since there is no competing term linear in . One infers
the existence of a rst-order phase transition for three massless flavors.
The vicinity of the critical temperature of a second-order or weak rst-
order transition is governed by universal behavior. The universality class
is characterized by the symmetry and the representations which remain (al-
most) massless at Tc. For two-flavor QCD it is not obvious which are the
massless scalar representations at a second-order phase transition. Further-
more, the gauge bosons behave essentially as a free gas near the transition.
Even though their low momentum classical fluctuations may acquire an ef-
fective mass, they will influence the nonuniversal critical behavior. This
influence of the gauge bosons is characteristic for a simultaneous chiral and
deconnement transition and leads to modications of results obtained in
quark-meson or Nambu-Jona-Lasinio models [11]. In view of the distance
scales probed in lattice simulations, we nd it rather unlikely that critical
behavior in the standard O(4)-universality class will show up there. This is
independent of the interesting question what would be the true universality
calss of a second-order transition in two-flavor QCD, as seen at very large
correlation length close to Tc.
13 Nonzero quark masses
We nally discuss the eect of the quark masses in the limit where they are
all equal. A quark mass term adds to the potential a linear13 piece
Uj = U0 + Um ; Um = −jχ(− ^0) (63)
Therefore the location 0 of the minimum of U + Um obeys for arbitrary T
@U
@
(0) = jχ (64)
Here jχ is proportional to the current quark mass and can be related to the
mass of the octet of light pseudo-Goldstone bosons (;K; ) by







In particular, 0 = 0(0)is determined by the vacuum mass mPS = mPS(0)
U 00(0) = m
2
PS=cG (66)
13We omit here nonlinear quark mass corrections from the chiral anomaly. We also
observe that the linear term actually appears for the qq-color singlet σ and is transmuted
to χ only by integrating out σ. This results again in a nonlinearity of Um. We consider Um
as an approximation for T  Tc. There is actually only a singlet and no octet condensate
in the high temperature phase for nonvanishing quark masses.
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Vanishing pressure in the vacuum (at T = 0) requires U0(0) + Um(0) = 0
or
^0 = 0 − U0(0)=jχ (67)
For a small quark mass (small jχ) both 0 and ^0 are given approximately
by 0.
Near the chiral limit we can understand various quark mass eects on the
chiral phase transition analytically:
(1) The vacuum expectation value 0 increases and U0(0)+Um(0) acquires
an additional positive contribution jχ^0. Both eects enhance Tc.
(2) In the high-temperature phase the minimum occurs at s(T ) 6= 0. For
a rst-order transition this reduces the dierence between Uj in the low and
high temperature phases and therefore diminishes somewhat the increase
of Tc. Also the gauge bosons and quarks get a nonzero mass in the high-
temperature phase, gs(T ) and hχs(T ). This decreases the pressure of the
fluctuations at given T and therefore enhances the value of Tc needed in order
to compensate the dierence in Uj. For small jχ this eect is only quadratic
in jχ and the linear eect in Uj(s(T ))− Uj(0(T )) dominates.
(3) As Tc and s(Tc) increase with increasing jχ, the dierence between
the two local minimal characteristic for the rst-order transition becomes less
and less pronounced. Finally, the transition line ends for a critical jχ,c at a
second-order transition, with crossover for jχ > jχ,c. The situation is similar
to the liquid-gas transition.
(4) In case of a second-order transition for jχ = 0 the chiral transition
turns to a crossover for all nonzero jχ.
In summary, nonvanishing quark masses enhance the critical temperature
and make transitions less pronounced. The case of realistic QCD with ms 6=
mu,d is somewhat more complicated since the expectation values in the high
temperature phase dier in the strange and nonstrange directions. In case
of a strong rst-order transition this modication is, however, only of little
quantitative relevance. On the other hand, one may envisage a situation
where for ms 6= 0; mu = md = 0 the critical behavior ressembles two-flavor
QCD.
Our numerical evaluation of U(; T ) is easily exploited for nonvanishing
quark masses. They only enter into the determination of the location of
the minima at s(T ) and 0(T ) via eq. (65). We indicate the vacuum
properties for anomaly-dominated potentials (Ran = 0:9) in table 2 for the
same values of the input parameters as used in table 1. Comparison between
the two tables provides an estimate of the eect of nonzero degenerate quark






pi) which corresponds to the neglection of SU(3)-violating mass
splittings in the pseudoscalar octet. We observe a sizeable increase of f =√
7=90 and a corresponding increase in the baryon mass
14 Mq = hχ(ρ)0
14Our choice of the Yukawa coupling leads to too large values of the baryon mass for
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and vector meson mass ρ = g(ρ)0 in the vacuum.
For all three potentials (A)(B)(C) we nd a rst-order transition for
mPS=390 MeV. The critical temperature Tc is increased substantially as
compared to the chiral limit, as can be inferred from table 2.
Table 2: First-order phase transition for realistic average quark masses
(mPS = 390 MeV).
vacuum critical temperature





A 810 142 660 183 490 840 0.77
B 800 132 770 180 470 800 0.77
C 770 116 460 170 290 600 0.53
The mass eect on the critical temperature is much less pronounced for the
potential (C) for which the increase of about 10 % is roughly consistent with
a recent lattice simulation [3]. We point out, however, that the neglection
of the quark mass eects for the instanton-induced interaction leads to a
substantial uncertainty in the quark mass dependence at the present stage.
14 Conclusion
In conclusion, we have presented here a rather simple picture of the high-
temperature phase transition in QCD. Both connement and chiral symmetry
restoration are associated to the melting of a color-octet condensate at the
critical temperature. The main phenomenological features of our picture of
the phase transition are the following:
(1) For three light quarks with equal mass a rst-order phase transi-
tion separates a low temperature \hadronic phase" from a high temperature
\quark-gluon phase". In the chiral limit of vanishing current quark mass
the quarks and gluons are massless in the high temperature phase where
chiral symmetry is restored. Color symmetry becomes a symmetry of the
spectrum of pseudoparticles above the critical temperature Tc. Below Tc
both chiral symmetry and color symmetry are spontaneously broken. Chi-
ral symmetry breaking generates a mass for the quarks which now appear
as baryons. Eight massless Goldstone bosons signal the global symmetry
breaking. Local color symmetry breaking gives a mass to the gluons by the
Higgs mechanism. The gluons are identied with the octet of vector mesons
(;K; !). The rst-order transition is therefore associated with a jump in
the vector meson mass (they become massless gluons for T > Tc) and the
baryon mass (they turn to massless quarks for T > Tc). Our picture of gluon-
meson duality and quark-baryon duality allows us to describe the excitations
the potentials (A)(B). This is only of little quantitative relevance for the results presented
in this note and can be corrected easily by the choice of a larger Yukawa coupling.
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relevant above and below Tc by the same elds. The rst-order phase tran-
sition extends to nonzero current quark mass, including values which lead
in the vacuum to a \realistic" average mass for the (;K; )-pseudoscalars





(2) The eective multiquark interactions at low momentum or the corre-
sponding eective potential for qq-bilinears are presumably dominated by the
axial anomaly arising from instanton eects. We can then relate the critical
temperature of a strong rst-order transition to the mass and decay constant
of the 0-meson. For mPS = 390 MeV we nd Tc  170 MeV whereas the
critical temperature is lower in the chiral limit.
(3) A dynamical picture for an instanton-induced color octet condensate
has been developed recently [6]. The characteristic features of the vacuum
eective potential for this model are depicted by the potential (C), eq. (3).
We summarize in the following the predictions of this model for the chiral
phase transition and consider the other two shapes of the eective potential
investigated in this note ((A), (B) in eq. (3)) as an illustration of the sensi-
tivity of various observables to the precise shape of the vacuum potential. It
is encouraging that the predictions of our model for the critical temperature,
namely Tc = 170 MeV for mPS = 390 MeV and Tc = 155 MeV for mPS = 0,
agree well with recent lattice simulations [3].
(4) For the equation of state in the quark-gluon phase we nd at Tc a
ratio between pressure and energy density p=  0:13 for mPS = 390 MeV
and p=  0:19 for mPS = 0. This ratio approaches very rapidly the equation
of state of a relativistic gas (p= = 1=3) as T increases beyond Tc.
(5) In the hadronic phase the eective masses of baryons, vector mesons
and pseudoscalars show a strong temperature dependence as T approaches Tc
from below. Near Tc the average baryon mass Mq  600 MeV is only about
one half of the vacuum mass. Also the -meson mass is found substantially
smaller than in the vacuum, ρ(Tc)  300 MeV. At Tc the eective fermion
mass jumps to a small value Mq  40 MeV which is compatible for mPS =
390 MeV with common estimates for the average current quark mass mq =
1
3
(ms +md +mu). The average pseudoscalar mass is found as mPS(Tc)  180
MeV. It is therefore substantially smaller than in the vacuum.
Our approach still contains many uncertainties, which have been dis-
cussed at various places in this paper. In particular, a better understanding
of the eective potential in the vacuum and a separate treatment of the color
octet and singlet condensates would be most welcome and probably needed
for a study of ner aspects of the phase transition. This concerns, in par-
ticular, the interesting question about the existence and order of a phase
transition in \real QCD" with dierent strange quark and up/down quark
masses. An appropriate tool for this purpose seems to be a renormalization
group study similar to the succesful treatment [11] of the phase transition in
the Nambu-Jona-Lasinio model.
Nevertheless, we nd the simple overall picture of the chiral and decon-
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nement transition rather convincing and the quantitative results of a rst
rough computation encouraging. We hope that this work can become a
starting point for a quantitative analytical understanding of the QCD phase
transition.
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